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 INTELLIGENT OPTIMAL 
ADAPTIVE MESH DURING 
INELASTIC ANALYSIS OF 

STRUCTURES

  Joseph  ZARKAJoseph  ZARKA
J.M.J.M. HablotHablot

1. INTRODUCTION
� Analysis of inelastic structures
� Classical problem
� many unclear points
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Local Formulation
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Equlibrium
div σ + X =0 (static)

Boundary conditions
u = ud  on Ω∂u

Fs =.σ  n where n external unit normal Ω∂ F

Constitutive modelling
Linear elasticity

)( IL εεσ −=    or  ε = M.σ + εI

Classical Plasticity
Mises criteria

Perfect plasticity
f(σ ,y) = f(σ ) = 
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Numerical solution

Finite Element Method

Φh(x , y) = Σ Ni (x , y) qie = Nqe

Spatial discretization

Time dicretization
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Time integration
In any point M at time tk,

Uk displacement vector
 ε k strain tensor
 ε k

p plastic strain tensor

 σ
k stress tensor

Mises f(σ k ,ε k
p) 0≤

at time tk+1 = tk+∆ t.
∆ U
∆ε
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Classical algorithms
σ k+1 and ε p

k+1  plastically admissible at tk+1,
σ *=σ k+ L. ∆ε  elastic increment
• if f(σ * , ε p

k)≤ 0,
σ

k+1=σ * 
ε

p
k+1 = ε p

k.
• if  f(σ * , ε p

k) > 0,

∆εp  such that  f(σ k+ L∆ ε - L∆ ε
p , ε p

k +∆ ε p) = 0

Radial Projection
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Analytical integration Yoder et Whirley (1984)
ε = M.(σ - σr)    with σr = 2µ.εp

fc (ε , σr) = 2
1 (ε′ - Kc σr ) : (ε′ - Kc σr )  - (ρp

2/3)

ε∂
∂ cf

= ε ′∂
∂ cf

= ε′ - Kc σr

For f (σ, εp) = 2
1 (S- Cεp ) : (S- Cεp ) – y0

Kc = é

C

µ
µ
4

2 +
  and   ρp = µ

σ
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σ1

σ2
σk

σ*

ψ
c

σc

Initial value ψc , Final value ψf.

σc stress at the contact point at time k+1
εc strain at the contact point at time k+1
σk stress at time k
εk strain at time k
εc

p plastic strain at the contact point at time k+1
dev(∆εk+1) deviatoric part of the strain increment

between k and k+1
f(σc,εp

k) = 0

 intersection between σkσ* and the yield surface σk.
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BenchmarkBenchmark

ResultsResults
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��== > New== > New approachapproach: Intelligent : Intelligent 
Optimal Design ofOptimal Design of Materials andMaterials and

StructuresStructures

2. LEARNING EXPERT SYSTEMS2. LEARNING EXPERT SYSTEMS

�� UnknownUnknown full solutionfull solution
�� OneOne raw examplesraw examples basebase builtbuilt by EXPERTSby EXPERTS

experimentallyexperimentally oror numericallynumerically or ..or ..
�� with with 

•• inputinput descriptorsdescriptors ((numbersnumbers,, alphanumericalphanumeric,, booleanboolean, files...), files...)
•• outputoutput descriptorsdescriptors or conclusions : classes or realor conclusions : classes or real numbersnumbers
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2. LEARNING EXPERT SYSTEMS2. LEARNING EXPERT SYSTEMS

�� GenerallyGenerally
•• nonnon statistically representativestatistically representative
•• withwith few,few, fuzzyfuzzy,, missingmissing information !! information !! 

Any tool that can beAny tool that can be applicableapplicable
�� LearningLearning : neural network,: neural network, computational learningcomputational learning,,

linear regressionlinear regression, , fuzzy logicfuzzy logic, , symbolic learningsymbolic learning

2. LEARNING EXPERT SYSTEMS2. LEARNING EXPERT SYSTEMS
�� OptimizationOptimization

•• classical convexityclassical convexity of theof the cost function and  cost function and  thethe functions functions 
constraintsconstraints

•• allall functionsfunctions :: analytical and  differentiableanalytical and  differentiable

�� RealReal problemsproblems
•• nonnon--convexityconvexity ofof functions and only knownfunctions and only known by values !! by values !! 

�� Optimization Optimization :: genetic algorithmgenetic algorithm,, annealingannealing......
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2. LEARNING EXPERT SYSTEMS2. LEARNING EXPERT SYSTEMS
�� PreparePrepare:    :    User format ===> L.E.S formatUser format ===> L.E.S format

SplitSplit database  into  learning anddatabase  into  learning and test setstest sets

�� LearnLearn:: Draw rules from learningDraw rules from learning setset

�� InclearInclear:      :      shows activeshows active descriptors and rulesdescriptors and rules

�� TestTest:: Evaluates rules withEvaluates rules with test settest set

�� ConcludeConclude:: RulesRules===> Conclusion===> Conclusion
Apply rulesApply rules toto solvesolve newnew problemsproblems

�� OptimizeOptimize:: DeliverDeliver the bestthe best result result 
under some constraintsunder some constraints

3. GENERAL METHODOLOGY3. GENERAL METHODOLOGY

�� 1. BUILDING THE DATA BASE1. BUILDING THE DATA BASE
  EXPERTS ==>all variables orEXPERTS ==>all variables or descriptors which descriptors which 

may takemay take a parta part
  i) PRIMITIVE i) PRIMITIVE descriptors   descriptors   x   (x   (limited numberlimited number))
  iiii) INTELLIGENT ) INTELLIGENT descriptors   descriptors   XX  (largeXX  (large numbernumber))

•• withwith thethe actual whole knowledgeactual whole knowledge
•• simplified analyticalsimplified analytical modelsmodels
•• simplified analysissimplified analysis
•• complexcomplex (but(but insufficientinsufficient)) beautiful theories  beautiful theories  !!!!



10
1010

3. GENERAL METHODOLOGY3. GENERAL METHODOLOGY

Experimental resultsExperimental results oror fieldfield observationsobservations
Numerical analysis resultsNumerical analysis results
General toolsGeneral tools toto describedescribe

•• geometrygeometry
•• material propertiesmaterial properties
•• loadingloading
•• signalssignals,, curvescurves, images.…, images.…

3. GENERAL METHODOLOGY3. GENERAL METHODOLOGY

�� INPUT DESCRIPTORSINPUT DESCRIPTORS
•• NumberNumber
•• BooleanBoolean
•• AlphanumericAlphanumeric
•• NameName of filesof files

–– data basedata base accessaccess
–– curvecurve, signal, signal
–– picturespictures........
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3. GENERAL METHODOLOGY3. GENERAL METHODOLOGY

�� OUTPUT DESCRIPTORS or CONCLUSIONSOUTPUT DESCRIPTORS or CONCLUSIONS
•• classes (classes (goodgood, not, not goodgood,, leakleak, break...), break...)
•• numbersnumbers ((costcost,, weightweight,...),...)
��5050 examples examples in the data basein the data base
��10 to 100010 to 1000 descriptorsdescriptors
��1 to 20 conclusions1 to 20 conclusions

MOST IMPORTANT (DIFFICULT) TASKMOST IMPORTANT (DIFFICULT) TASK

3. GENERAL METHODOLOGY3. GENERAL METHODOLOGY

�� 2. GENERATING THE RULES2. GENERATING THE RULES with anywith any MachineMachine
Learning toolLearning tool
•• IntelligentIntelligent descriptorsdescriptors help thehelp the algorithmsalgorithms
•• EachEach conclusionconclusion explainedexplained asas functionfunction oror rulesrules ofof

somesome intelligentintelligent descriptorsdescriptors
•• with known Reliabilitywith known Reliability

–– if tooif too lowlow : : 
•• notnot enoughenough datadata
•• badbad oror missingmissing intelligentintelligent descriptorsdescriptors
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3. GENERAL METHODOLOGY3. GENERAL METHODOLOGY

�� 3. OPTIMIZATION3. OPTIMIZATION at two levelsat two levels (Inverse(Inverse
ProblemProblem))
•• i)i) independentindependent intelligentintelligent descriptorsdescriptors
��may bemay be impossible OPTIMAL SOLUTION impossible OPTIMAL SOLUTION 
��but DISCOVERY OF NEW MECHANISMSbut DISCOVERY OF NEW MECHANISMS
•• iiii) intelligent) intelligent descriptors linkeddescriptors linked to primitiveto primitive

descriptorsdescriptors
��OPTIMAL SOLUTIONOPTIMAL SOLUTION
��technologicaltechnological possible ! possible ! 

4. INTELLIGENT OPTIMAL MESH4. INTELLIGENT OPTIMAL MESH

�� Data base of Data base of examplesexamples ??
•• NumericalNumerical solutions solutions withwith knownknown errorerror ??
•• Signification of Signification of errorerror ??
•• only indicators only indicators are are given given !!!!!!

�� Nothing Nothing ((sphere sphere or or cylindercylinder))
�� Exact solutions for Exact solutions for various various structuresstructures

•• geometrygeometry
•• meshmesh distribution, time distribution, time stepstep
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Practical construction for the indefinite solution
u(x, t) = ∑ λi ui(x) φ(t)

- ref
-  E, ν, C, σ0, ρ Material homogeneous linear

elasticity and linear workhardening
- Shapes of functions
- initial and final times

Construction of exact solutionsConstruction of exact solutions

Calculation of nodal forces equivalent to the volume
and surface loads
 Hinton (1978)
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• Ni = 
4

1 (1 - ε.εi).(1 - η.ηi )    i  1 to 4

• x = ∑Ni(ε , η).xi

y =  ∑Ni(ε , η).yi
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• σ as function of  ε and η
• J
• derivation relative to ε and η

Fxi = ∑ Wi Yi (εi , ηi )  i   1  number of Gauss points Wi

weight to the point (εi , ηi ).
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Practical construction for the solution associated to a
given structure

Ω, Ω∂ u and Ω∂f
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Optimal curve
Remeshing rule

refP = Integer part ( )((

)(
eq

t

eq
t

gradSupMoy
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Optimal meshes

Tests Tests with different rules with different rules for for 
remeshingremeshing
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Error i n St res s es
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Optimal Optimal curves curves for for different different 
problemsproblems
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REMARKSREMARKS

�� With With the the particular remeshing rule particular remeshing rule ==>==>
•• as as we refine we refine the the meshmesh, the , the error will follow error will follow the optimal the optimal curvecurve

�� But the position of the optimal But the position of the optimal curve curve for the for the particular particular 
casecase is unknown is unknown !!

�� ==> no ==> no other choice other choice (for the moment) (for the moment) than than to  to  learn learn 
it based it based on the (on the (limitedlimited) data base) data base

Intelligent Optimal mesh
only based on the field :

σ(t)  fictitious elastic stress field

σeq = SS :2
3

nondimensionnal field : 
0σ

σ eq

eqS =

i) first field
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i) third field
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ii) fourth

( )[ ]eqtr SgradSupr=Φ 4

iii) fifth field
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to differentiate monotonic and cyclic

Intelligent descriptors

• each field as in a topographical map
- Codage of the field φ2 (Mises absolute):
X1 = φ2 mean value on the domain
X2 = decimal logarithm of φ2 maximal
X3 = shape paramater (PF) d21 of φ2

X4 = PF d22 de φ2

X5 and X6 = PF d41 and d42

X7 and X8 = PF s31 and s32

X9 = ratio Vécart / Vtotal for φ2

X10 à X14 = ratio  hmax / hmoy of the subvolumes
coresponding to 0.5, 0.6, 0.7, 0.8, 0.9
X15 à X17 = ratio  Stranche / S0 of the slices at the altitude
1, 2 and 3
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- Codage of the field φ4 (adimensional gradients of
the Mises absolute):

X18 = φ4 mean value on the domain
X 19 and X20 = PF d21 and d22 of φ4

X21 and X22 = PF d41 and d42

X23 and X24 = PF s31 and s32

X25 = ratio Vécart / Vtotal for φ4

X26 à X29 = ratio hmax / hmoy of the subvolumes
corresponding to  0.5, 0.6, 0.7, 0.8
- Codage of φ5 (cyclicity)
X30 = φ5  minimum on the domain
X31 = φ5 mean value on the domain
X32 = φ5 maximum
X33 = ratio Vécart / Vtotal for φ5

Construction Construction and and use of the use of the 
optimal optimal curvecurve
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5. CONCLUSIONS5. CONCLUSIONS

�� ACTUAL APPROACH ==> ACTUAL APPROACH ==> 
DESIGN OF THE FUTURE !!!DESIGN OF THE FUTURE !!!

�� ABSOLUTE NECESSITYABSOLUTE NECESSITY alsoalso inin
Control ofControl of ProcessesProcesses
SurveySurvey of  Structures...of  Structures...

�� Linking automatic learning Linking automatic learning 
and optimizationand optimization techniquestechniques
with mechanicalwith mechanical expertiseexpertise


